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Four ie r   in tegra l   coe f f i c ien ts ,   de f ined by Equations (36) 
and (37). 
Charac ter is t i c   po in ts ,   de f ined en F igure ( 2 ) .  

Speed o f  sound; m/sec. 

Stream  sheet  thickness, m. 

Spec i f i c   heat   a t   cons tan t  volume;  N*m/kg-K. 

Duct  response funct ions.  

Abso lu te   to ta l   en tha lpy   per   un i t  mass;  N*m/kg. 

Fi 
U n i t   v e c t o r s   i n   a x i a l  and c i rcumferent ia l   d i rec t ions ,   re -  
spect ive ly .  

Mach  number. 

Meridional  distance; m. 

Number o f   g r id   po in ts   a long  in te r face   o f   numer ica l   near -  
f i e l d  and a c o u s t i c   f a r - f i e l d   s o l u t i o n s .  

Number o f  blades i n   t h e  ith row. 

Boundary condi t ions a t  i n te r face   o f   numer i ca l   nea r - f i e ld  
and acous t i c   f a r - f i e ld   so lu t i ons .  

Stat ic   pressure,   or   pressure  per turbat ion;  N/m . 
Radia l   d is tance  f rom  ax is   o f   ro tat ion;  m. 

Entropy  per  uni t  mass; N=m/kg*K. 

Function  defined by Equation (49). 
Time;  sec. 

Temperature, K.  

Function  defined by Equation ( 6 1 ) .  
Reference v e l o c i t y ;  m/sec. 

Abso lu te   ve loc i t y   o r   ve loc i t y   pe r tu rba t i on   vec to r ;  m/sec. 

Mer id iona l   (ax ia l )  component o f   v e l o c i t y   o r   v e l o c i t y   p e r -  
turbat ion;  m/sec. 

Absolute ci rcumferent  la1 component o f   v e l o c i t y   o r   v e l o c i t y  
per turbat ion;  m/sec. 

Axial  distance; m. 

Circumferent ia l   d istance; m. 

Fundamental wavelength o f   s tage   i n   c i r cumfe ren t ia l   d i rec -  
t i o n ;  m. 

Acoust ic  propagat ion  coeff ic ients,   def ined by  Equations (47) 
and (54) ; m-1. 

Di rac   de l ta   f unc t i on  (0 for T 0 ;  1 f o r  't = 0 ) .  

Dif ference  operator .  

Heavis ide  step  funct ion (0  f o r  T 0 ;  1 for T 2 0 ) .  
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LIST OF SYMBOLS (Cont inued)  

S u b s c r i p t s  : 

S u p e r s c r i p t s  : 

0 . 

R a t i o  o f  s p e c i f i c   h e a t s .  

Non-d imens iona l   f requency ,   de f ined  by   Equat ion  (57). 
Frequency;  sec . 
S t a t i c   d e n s i t y  or d e n s i t y   p e r t u r b a t i o n ,  kg/m . 
C i r c u m f e r e n t i a l   a n g l e ;   r a d i a n s .  

Radial  component o f  v o r t i c i t y ;  sec . 
V e c t o r   o p e r a t o r .  
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- 1  

E v a l u a t e d   a t   p o i n t s  A, B ,  C ,  0 .  

Refe rence   s ta te .  

I n f i n i t y   c o n d i t i o n .  

I n l e t   s t a t i o n .  

D i s c h a r g e   s t a t i o n .  

Ind ices ,   de f ined  where   used.  

F i r s t   b l a d e  row. 

I r r o t a t i o n a l  component o f   v e l o c i t y   v e c t o r .  

Second  blade  row. 

S o l e n o i d a l   c o m p o n e n t   o f   v e l o c i t y   v e c t o r .  

V e c t o r   q u a n t i t y .  

Time t o   f r e q u e n c y   t r a n s f o r m .  
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INTRODUCTION 

Under t h e   c o n d i t i o n s   t y p i c a l l y   p r e v a l e n t  i n  h i g h  

compressor   s tages ,   the   l inear ized ,   smal l -per tu rba t ion  

equat ions   o f   mot ion   cannot  be e x p e c t e d   t o   b e   d e s c r i p t  

l y  l oaded   t ranson ic   f an  

approx ima t ions   t o   t he  

i v e   o f   t h e   f l o w   i n   t h e  

v i c i n i t y   o f   t h e   b l a d e s .  Thus,  recourse i s  made t o  the   numer i ca l   so lu t i on  o f  

the  complete  nonl inear  system o f  equat ions,   as  d iscussed  in   Reference ( 1 )  i n  

connect ion   w i th   the   b lade- to -b lade  p rogram.  However, s u f f i c i e n t l y   f a r   f r o m  

the   b lade rows, the  ampl i tude o f  the   f l ow   d i s tu rbances  will decay to  a c o u s t i c  

l e v e l s  and the   l i nea r i zed ,   sma l l -pe r tu rba t i on   app rox ima t ions  will be d e s c r i p -  

t i v e  o f  t h e   f a r - f i e l d .   T h e r e f o r e ,   a n   i n t e r m e d i a t e   r e g i o n   i n   w h i c h   b o t h   a n a l y -  

ses a r e   v a l i d   s h o u l d   e x i s t   a t  some d is tance  f rom  the   b lades .  The i n l e t  and 

d i scha rge   s ta t i ons  o f  the   b lade- to -b lade  computa t iona l  domain  can  serve  as  the 

i n t e r f a c e s   b e t m e n   t h e   n e a r - f i e l d   ( n u m e r i c a l )  and f a r - f i e l d   ( a c o u s t i c )   a n a l y -  

ses. The p r e s e n t   f a t - - f i e l d   a n a l y s i s  i s  f o r m u l a t e d   w i t h   r e s p e c t   t o  an i n f i n i t e  

duct  model, nGmely, a l l   o u t g o i n g  waves s h o u l d   p r o p a g a t e   w i t h o u t   r e f l e c t i o n .  I t  

d i f f e r s ,  however ,   f rom  convent iona l   in le t   duc t   ana lyses   in   tha t   the   s igna l  may 

b e g i n   w i t h  an a r b i t r a r y   t r a n s i e n t ,   a s s o c i a t e d   w i t h   t h e   d e v i a t i o n   o f   t h e  assumed 

i n i t i a l   d a t a   i n   t h e   n e a r - f i e l d   f r o m   t h e   p e r i o d i c   s o l u t i o n   w h i c h   i s   s o u g h t   a s   t h e  

asymptot ic  limit in   t ime .   The re fo re ,   t he   acous t i c   ana lys i s  must r e c o g n i z e   t h a t  

a t r a n s i e n t   s i g n a l  w i l l  o c c u r   d u r i n g   s t a r t u p  and t h a t  a s imple  harmonic  t ime 

dependence,  which i s   t h e   u s u a l   b a s i s   o f   i n l e t   d u c t   a c o u s t i c s ,   c a n n o t  be  assumed. 

The a n a l y s i s   s h o u l d   a l l o w   t h e   t r a n s i e n t   t o   r a d i a t e   o u t w a r d   w i t h o u t   r e f l e c t i o n ,  

and should be capab le   o f   i den t i f y i ng   t he   a t ta inmen t  of a p e r i o d i c   s o l u t i o n   b y  

- the  growth of d iscre te   harmon ic  components i n   t h e   s o l u t i o n .  

INTERFACE  WITH NEAR-FIELD  SOLUTION 

The p r o c e d u r e s   f o r   d e f i n i n g   i n l e t  and   d i scha rge   s ta t i ons   i n   t e rms  of  a x i a l  

boundar ies o f  the  computational  domains shown i n  F i g u r e  ( 1 )  have  been  described 

i n  References ( 1 )  and ( 2 ) .  The p r e s e n t   a n a l y s i s   p e r t a i n s  to  the  f low upstream 

o f  t h e   i n l e t   s t a t i o n  and  downstream o f   t he   d i scha rge   s ta t i on ,   where   t he   passage  

i s  assumed t o  be an annular  segment o f  an i n f i n i t e   c y l i n d r i c a l   d u c t .   W i t h   r e -  

spect to  t h e   a n a l y s i s   o f   R e f e r e n c e  ( l ) ,  the  streamsheet i s  assumed to  have  con- 

s t a n t   r a d i u s ,  r, and  th ickness,  b.  However, t he   c i r cumfe ren t ia l   boundar ies  of 

t h e  passage a r e   n o t   n e c e s s a r i l y   r e s t r i c t e d   t o  a s ing le   b lade- to -b lade  passage 
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FIGURE 1 .  BLADE-TO-BLADE COORDINATE SYSTEM AND  GRID  NETWORK 



(as i n  Reference 1 ) ,  b u t   s h o u l d   i n c l u d e   t h e   a n g u l a r   i n t e r v a l  2a/AN, where 

A N  = IN2-N,I. ( I n   t he   spec ia l   case  AN=O, w h i c h   i s   u s u a l l y   a v o i d e d   i n   p r a c t i c e ,  

use o f  a s ing le   b lade - to -b lade   passage   i s   aga in   pe rm iss ib le . )  Use o f  the   p re -  

sent   ana lys is   w i th   the   computer   code  descr ibed  in   Reference  (2 )  will, t h e r e f o r e ,  

r e q u i r e   a d d i t i o n a l   s t o r a g e  and r e t r i e v a l  o f  da ta   a long  the   in te r faces   be tween 

t h e   n u m e r i c a l   n e a r - f i e l d   s o l u t i o n  and t h e   p r e s e n t   a c o u s t i c   f a r - f i e l d   s o l u t i o n ,  

i n   t h e  same manner as i s  per fo rmed  a long  the   in te r face  between  domains 4 and 5 
of t he   nea r - f i e ld   so lu t i on   ( see   Re fe rence  2 ) .  

. 

D e r i v a t i o n   o f   t h e   b o u n d a r y   c o n d i t i o n s   o n   t h e   n e a r - f i e l d   ( f i n i t e   d i f f e r e n c e )  

s o l u t i o n ,   a t   a r b i t r a r y   s t a t i o n s   . r e f e r r e d   t o  as t h e   i n l e t  and discharge  boundar ies 

o f   t he   nea r   f i e ld ,  was p resen ted   i n  Volume 1 (Reference 1 ) .  The a c o u s t i c   a n a l y s i s  

i s   f o r m u l a t e d   i n   t h e   a b s o l u t e  frame of   reference, and accord ing ly   the  boundary 

po int   analys is   f rom  Reference ( 1 )  will be  res ta ted   here   in   abso lu te   coord ina tes .  

As discussed  in   Reference ( 1 ) ,  t he   boundary   po in t   so lu t i on   i s   ob ta ined   f rom 

a rc fc rence  p lane  method-o f -charac ter is t i cs   p rocedure . "  A p a i r   o f   ( a p p r o x i m a t e l y )  

two-dimensional wave m o t i o n   c h a r a c t e r i s t i c s  and a s t ream  su r face   cha rac te r i s t i c  

a r c   i d e n t i f i e d   a t  each g r i d   p o i n t   o n   t h e   i n l e t  and discharge  boundar ies,   as 

sl1owr.t i n   F i g u r e  ( 2 ) .  The c o m p a t i b i l i t y   r e l a t i o n s ,  

apply  on the  wave m o t i o n   c h a r a c t e r i s t i c s ,  

whic:II a re   dep ic ted   by  tte 1 ines A0 and CO i n   F i g u r e  ( 2 ) .  The equat ion,  

S = cons tan t  

appl  i e s  on the   s t ream  pa th   cha rac te r i s t i c ,  

::As po in ted   ou t   in   Reference ( l ) ,  t r a n s l a t i o n   o f   t h e   r e f e r e n c e   p l a n e   e f f e c -  

t i v e l y   t r a n s f o r m s  a r o t a t i n g   f r a m e   o f   r e f e r e n c e   b a c k   t o  an absolute  frame. Thus 

the  numerical   resul ts  are  independent o f  the  coordinate  system  in  which  the 

equat ions  are  s ta ted.  

3 
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FIGURE 2. CHARACTERISTIC LINES AND  GRID POINTS AT INLET AND DISCHARGE STATIONS 



which is  depicted  by  the  line BO in Figure (2). In addition, if the flow is 
isentropic 

</p = constant 

also apGlies  on  the  stream  path  characteristic, BO.  Finally, the circumferen- 
tial  mor:1cntum equation is written as: 

a H  as - =  - - 
at rae + T,ae - vm 5 

Thc. inlet  flow is assumed to be isentropic  and  irrotational;  thus: 

S. I = 0, or pi/pr = p-,/py, 

and 
C i  = 0 

giving: 

I I 

lrtttc;.:iLcing the  small disturbance  approximations, 

etc. 

the  comp2:iiility equation  on  the  outgoing wave, CO, at the  inlet  becomes: 

5 



where the   subscr ip t  i d e n o t e s   t h e   i n l e t   v a l u e   a t  a new t ime, t + A t ,  i . e . ,   a t  

p o i n t  0 i n   F i g u r e  (2 ) ,  and s u b s c r i p t  c deno tes   t he   va lue   a t   po in t  C .  Recal l  

t h a t  r and  b a r e  assumed cons tan t   f o r  m mi. Since V e  can  be  evaluated  at  

a l l   p o i n t s  0 a l o n g   t h e   ' i n l e t ,   f r o m   i n t e g r a t i o n   o f   E q u a t i o n  (8), and a l l  

v a r i a b l e s   a t   p o i n t  C can be o b t a i n e d   b y   i n t e r p o l a t i o n   o f  known ( c u r r e n t )  

da ta   i n   t he   nea r - f i e ld ,   t he   r i gh t -hand   s ide  can  be  regarded as  a known f u n c t i o n  

of (mi, e ,  t ) ,   i . e . :  

Q~ (ni, 0 ,  t )  i s  taken as the   boundary   cond i t ion   to  be placed  on  the  up- 

s t r e a m   f a r - f i e l d   s n l u t i o n .  As will be  shown i n   t h e   f o l l o w i n g   s e c t i o n ,   t h i s  

c o n d i t i o n   i s   s u f f i c i e n t   t o   d e t e r m i n e   p r y  and  thus  p.. Vmi can  then be obta ined 

from  Equation ( 7 3 ) ,  and p i  f rom  Equat ion (6 ) .  As indicated  above, V e  i s  ob- 

ta ined  f rom  Equat ion ( 8 ) ,  c o m p l e t i n g   t h e   i n l e t   s o l u t i o n   a t   t h e  new t ime  t + A t .  

, 

I 

I 

S i m i l a r  procec!l.:res a t   t he   d i scha rge   boundary   l ead   t o   t he   re la t i ons :  

Equat ion  (16)  repre: ;ents  one  boundary  condi t ion  on  the  downstream  far- f ie ld.  

I n t e g r a t i o n   o f   E q u a t i o n  ( 1 5 )  prov ides a second  boundary  condit ion  on  the down- 

s t r e a m   f a r - f i e l d ,   w t 1 i c h . i ~   r e q u i r e d   s i n c e  i t  cannot be  assumed t o  be i r r o t a t i o n a l .  

Due t o   t h e   f i n i t e  work  input by the  rotor,   the  downstream  reference  con- 

d i t i o n s  (pm, am) arc: a l so   no t   necessa r i l y   t he  same as the  upstream  reference  con- 

d i t i o n s  ( P - ~ ,  a - m ) .   I n   t h i s   c a s e ,   t h e   f a r - f i e l d   a n a l y s i s   p r o v i d e s   t h e   v a l u e   o f  

p i  and  Equations  ( l ! i ) ,   (16) and   (17 )   comp le te   t he   d i scha rge   s ta t i on   so lu t i on   a t  

t he  new t ime t + A t t .  

6 



With t h e s e   p r e l i m i n a r i e s   i n  hand, a t t e n t i o n   i s  now focussed  on  the  acous- 

t i c   f a r - f i e l d   a n a l y s i s .   I n   t h e   f o l l o w i n g   d i s c u s s i o n   t h e   p r i m e s   o n   t h e   p e r t u r b a -  

t i on  v a r i a b l e s  will be  d ropped  as   the   acous t jc   so lu t ion   i s   unders tood to  per-  

t a i n   o r i l y  t o  p e r t u r b a t i o n   q u a n t i t i e s .   F u r t h e r m o r e ,   t h e   s u b s c r i p t  ( )o 

will be  used to  denote   the   re fe rence  cond i t ions  for e i t h e r   b o u n d a r y ,   t h a t   i s ,  

x + -+ 00, and a l l   v a r i a b l e s   w i t h o u t   s u b s c r i p t  will r e f e r   t o   p e r t u r b a t i o n s   w i t h  

r e s p e c t   t o   t h e   r e f e r e n c e   s t a t e ,  for  example, p = p - po  and v = v - + + +  
vO' 

FAR- F I E LD  ANALY S I S 

The p r o b l e m   o f   i n t e r e s t   i s   t h e   a c o u s t i c   r a d i a t i o n   f r o m   t h e   c o n s i d e r e d   b l a d e  

rows  under   s teady-s ta te   opera t ing   cond i t ions .  However,  development o f   t he   nu -  

m e r i c a l   s o l u t i o n   f o r   t h e   n e a r - f i e l d   i n c l u d e s   g e n e r a t i o n  o f  a t r a n s i e n t   f l o w   f i e l d  

a s s o c i a t e d   w i t h   t h e   d e v i a t i o n   o f   t h e  assumed i n i t i a l   c o n d i t i o n s   f r o m  a p e r i o d i c  

so lu t i on ,   wh ich   i s   sough t  as  an asympto t ic  limit i n   t i m e .   T h e r e f o r e ,   a n a l y s i s  

of  t h e   f a r - f i e l d  must n e c e s s a r i l y   r e c o g n i z e   t h a t  a t r a n s i e n t   s i g n a l  will occur 

d u r i n g   s t a r t u p   a n d   t h a t  a simple  harmonic  t ime  dependence,  which i s  the  usual  

b a s i s  o f  engine  acoust ic   analyses,   cannot  be  assumed t o  be d e s c r i p t i v e   u n t i l  

the   asympto t ic  limit i s  approached. The ana lys  

r a d i a t e   o u t w a r d ,   w i t h o u t   r e f l e c t i o n ,  and  should 

a t ta inn l cn t .   o f  a p e r i o d i c   s o l u t i o n   b y   t h e   g r o w t h  

Use will be made o f  a harmonic  type  analys 

s s h o u l d   a l l o w   t h e   t r a n s i e n t   t o  

be capable o f  i d e n t i f y i n g   t h e  

o f   d i sc re te   ha rmon ic  components. 

s to   deve lop   an   acous t ic   fo rmula-  

t ion  o f  t h e   p r e s s u r e   f i e l d   i n   w h i c h   f r e q u e n c y   e f f e c t s   a r e   s u p e r i m p o s e d  and the 

t i m e   h i s t o r y   o b t a i n e d   b y   i n t e g r a t i o n .   T h i s   p r o c e d u r e   l e a d s  t o  a c o n v o l u t i o n  

i n t e g r a l   ( i . e . ,  a type  o f  Duhamel i n t e g r a l )   i n   t h e   t i m e  domain,  which i s  more 

d i r e c t l y   c o m p a t i b l e   w i t h   t h e   n u m e r i c a l   d a t a   i n   t h e   n e a r - f i e l d   t h a n  a r e s u l t   i n  

the   f requency  domain.  (The n e a r - f i e l d   d a t a   c o n s i s t s  of va lues   o f   t he   p ressu re ,  

f low v e l o c i t y ,   e t c . ,   a t  a b i s c r e t e   s e r i e s   o f   g r i d   p o i n t s  and a t   f i x e d   t i m e   i n -  

t e r v a l s . )  

S ince   t he   p resen t   e f fo r t   i s   add ressed   toward  a cascade  formulat ion,   the 

g o v e r n i n g   e q u a t i o n s   a r e   w r i t t e n   i n  a two-d imensional ,   Car tes ian  coord inate  sys-  

tem. I t  is   no ted   tha t   the   two-d imens iona l   p rob lem  cou ld  be descr ibed  by a so- 

l u t i o n  o f  t h e  wave equat ion  a lone,   were it n o t  for t h e   f a c t   t h a t   t h e   t i m e  de- 

penden t   f o rce   d i s t r i bu t i on   on   t he   b lades  i s  capab le   o f   p roduc ing  a convected 

7 



v o r t i c i t y   f i e l d   ( a s   w e l l  as a corresponding  ent ropy  f ie ld ,   which,   however ,  i s  

no t   re levan t   t o   t he   p resen t   p rob lem) .  I t  will be seen tha t   the   convec ted   vor -  

t i c i t y   f i e l d  does n o t   c o n t r i b u t e   t o   t h e   a c o u s t i c   p r e s s u r e   f i e l d ,   p e r  se,   as  d is-  

t i n g u i s h e d   f r o m   t h e   i r r o t a t i o n a l  component o f   t h e   v e l b c i t y   f i e l d   w h i c h   i s   d i -  

r e c t l y   c o u p l e d   w i t h   t h e   a c o u s t i c   p r e s s u r e .   T h e r e f o r e ,   t h e   v e l o c i t y   p e r t u r b a -  

t i o n   f i e l d  downstream o f   t he   d i scha rge   boundary  and  upstream o f   t h e   i n l e t  

boundary  (see  Figure 1 )  i s  cha rac te r i zed   by   t he  sum o f  an i r r o t a t i o n a l  (Vx=O) 

v e l o c i t y   v e c t o r  V and a so leno ida l   (V*=O)   ve loc i t y   vec to r  V w h i c h   s a t i s f y  

t h e   l i n e a r i z e d   c o n s e r v a t i o n   e q u a t i o n s .   N o t e   t h a t   t h e   i n l e t   f l o w  has  been  as- 

sumed t o  be i r r o t a t i o n a l ,   t h e r e f o r e ,  V =O i n   t h e   u p s t r e a m   f a r - f i e l d ;  however, 2 
t h e   a n a l y s i s  will be deve loped  w i th   respec t   to   the  more  general   case  pertaining 

t o   t h e  downstream f a r - f i e l d .  

-t -+ 
1 2 '  

+ 

The l inear ized   conserva t ion   equat ions   fo r   the   per tu rba t ion   var iab les  can 

be s tated  as"  

where : 

- + po a. V - V  = 0 
d t  
dP 2 +  

d$ 
Po x+ VP = 0 

" dP a 2 d p = "  '0 d5 
d t  o d t  Cv d t  

-f v = Q  +if 
1 2 

- + +  

V = i V  + j V ,  
-+ 

2 m 2 2 

v x V,' = 0 
-+ 

V x V 2 = r ; # 0  
-t 

*These r e p r e s e n t   l i n e a r i z e d   v e r s i o n s   o f   E q u a t i o n s  ( l 3 ) ,  (14) ,  (15) and (17) o f  
Reference ( l ) ,  w i t h  r = constant  and b = constant .  

8 



and 

V'V2  = 0 
+ 

"0 - Mo a. 
- 

Since  the  streamsheet has  been  assumed  to  be  cylindrical in the far-field7 
with b << r,  the  conventional  Cartesian  coordinates  (x7y)  will  be  used in place 
of the  meridional  coordinates  (m79): 

x = m  

y = r9 

Subst i tut ing Equation (26) into (18) gives: 

dP 
= + P o  0 

a2 v-Q, = o 

Substitutillg Equations (24) and  (26)  into  the  curl  and divergence o f  Equa- 
tion (19) ,respectively,  gives: 

- ( W i l l )  + - v p = 0 d 1 2  
dt PO 

and : 
d - (VXVJ = 0 

+ 
dt 

Fquations (18) and (19) or (30) and (31) yield  the  wave  equation  for the  pres- 
sure: 

Therefore,  solutions  for p are purely  radiative.  Since  Equations (30) and 
(31) can be also combined to yield  the wave  equation,  solutions  for V are  also 
purely  radiative.  However,  Equation (32)  infers  that  solutions for V are  purely 
convective.  Therefore: 

+ 
1 
2 

-+ 

dq2 
dt 
- =  0 (34) 
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and : 

S o l u t i o n s  to  Equat ions ( 3 3 ) ,  (34)  and (35)  can  be  expressed i n  terms o f  a 

F o u r i e r   i n t e g r a l   r e p r e s e n t a t i o n :  

- ' any 
= Ce 

n 

- I any 
= Ce 

n 

Consider f i r s t   t h e  downstream  boundary o n  which  (see  Equat ions 16 and 17) :  

Thus, t h e  boundary  data  can  be  expressed  as: 

(37- 

where (7 denotes  the  t ime  to   f requency  t ransform,   as  above,   whi le  ( )O i n d i -  

c a t e s   t r a n s f o r m a t i o n   f r o m   s p a t i a l   l o c a t i o n ,   y ,   t o   s p a t i a l   h a r m o n i c ,   n ,   w h i c h  

will be  d iscussed  la te r   (c f .   Equat ion  5 5 ) .  (The s u b s c r i p t  d has  been  dropped 

s ince   the   ensu ing   deve lopment   can   app ly   to   e i ther   the   in le t   o r   d ischarge 

boundary . ) 

10 



a 

'n B, Bn 
= -  n 

E = - -  w 
n 'oan Dn 

aoBn 
Bn w-u0~, n 
I- A 

An + Bn + Dn = 6: 

The va lue  o f  An, and  thus Bn, Cn, Dn and En, can  thereby  be  expressed i n  terms 

of t he   t rans fo rm  o f   t he   boundary   da ta ,   v i z . :  

w-UoBn - 
A n -  2 

-0 
[wQn + Uoan g;l 

w +(ao-Uo)Bnw + u a cy 
0 0 0  

The p r o p a g a t i o n   c o e f f i c i e n t  i s  d e t e r m i n e d   b y   s u b s t i t u t i n g   t h e   i n t e g r a l   r e l a -  

t i o n  fo r  pressure  (Equat ion 36) i n t o   t h e  wave equat ion  (Equat ion 3 3 ) :  
n 

where  the + s i g n   r e f e r s   t o  downstream  propagat ion  ( f rom  the  d ischarge  boundary) 

and  the - s ign   t o   ups t ream  p ropaga t ion   ( f rom  the   i n le t   boundary ) .  

Equat ions (46 )  can  now.be s u b s t i t u t e d   i n t o   t h e   c o r r e s p o n d i n g   i n t e g r a l   r e l a -  

t i o n   ( E q u a t i o n  36) to o b t a i n ,   a f t e r  some man ipu la t i on ,   t he   p ressu re   pe r tu rba t i on  

on   the   d ischarge  boundary   in   te rms  o f   the   spec i f ied   boundary   da ta .  

I 

m 

1 1  



, ., ,,. ..,. ,... ,"., ., . ""_. . .. . .. .. ... .-."-."..._..-.."""..".-."- .... - - 

where 

s = (w2 - a2  a2 ( 1  - M ~ ) )  2 3  
n n o  

Consider now the   in le t   boundary  where V2 = 0. The  boundary c o n d i t i o n   h e r e   i s  

stated  as  (see  Equat ion 13) :  

+ 

-f -0 
Since V 2  = 0, D = E = 0, and R becomes p a r t  o f  t h e   s o l u t i o n ,   i . e . ,  i t  can- 

n o t  be s p e c i f i e d  as  a b o u n d a r y   c o n d i t i o n ,   c o n s i s t e n t   w i t h   t h e   n e a r   f i e l d   a n a l -  
n  n  n 

y s i s   d e s c r i b e d   i n   t h e   p r e v i o u s   s e c t i o n .  Thus, An i s  o n l y  a f u n c t i o n  of Q., v i z :  
I 

-0 

Qn 

where 

J 
-m 

i n ,   w i t h  some man ipu la t i on ,  an   equa t ion   f o r   t he   p ressu re   pe r tu rba t i on  o n  

i n l e t  boundary i s   o b t a i n e d   i n   t e r m s   o f   t h e   s p e c i f i e d   d a t a :  

2 

( 1  -M:) ( 1  +Mo) 
P i (Y, t )  = 

oao 

+ M ,-Sn) Qn e 
-0 

0 

i w t  & 
27T 

(4 

(5 

The se lec ted   rep resen ta t i on  o f  the  so1u.t ions,   Equat ions ( 3 6 )  and (37) , and 

boundary  condi t ions,   Equat ions (40) and (52), as F o u r i e r   s e r i e s   i n   t h e  y d i r e c -  

t i o n  i s   a p p r o p r i a t e   f o r   e n f o r c e m e n t  o f  t h e   p e r i o d i c i t y   b o u n d a r y   c o n d i t i o n   p c r -  
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t a i n i n g   t o   s p a t i a l   v a r i a t i o n s   i n   t h i s   d i r e c t i o n .  The c o e f f i c i e n t  an i s  de- 

f i n e d   a c c o r d i n g l y :  

0: = -  - 2nn nAN 
" 

n Y  r 

where Y i s  the  fundamental wave length   o f   the   s tage  (doub le   cascade)   con f igura-  

t i o n   ( i . e ,  Y = 2vr/AN). I n   a d d i t i o n ,   t h e   f a c t   t h a t   t h e   b o u n d a r y   d a t a   i s   s p e c i -  

f i e d   a t  a d i s c r e t e  number o f  g r i d   p o i n t s ,  say N, on  the   boundar ies   imp l ies   tha t  

t he   Four ie r   se r ies   can   on l y   i nc lude  N terms; n=O, 1 ,   2 . . . N - 1 .  Since  the 

d i s t a n c e  y t o  each p o i n t  can be w r i t t e n  as mY/N, where m=O, 1 ,  2 . . . N - 1  a lso ,  

t he   Four ie r   se r ies   can  be expressed in   t he   s tandard   D isc re te   Four ie r   T rans fo rm 

(DFT) n o t a t   i o n :  

The invc : ;e  DFT i s  then: 

For  cnr,!p;! tat ional  purposes,  the  fol lowing  non-dimensional  parameters  are 

ev ident  i 1 1  Equations (48)  and ( 5 3 )  : 

R = d a a  
0 

T = a a t  
0 

(54) 

wherc 
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Then,  on the  discharge  boundary:  

m 

where : 

and  on  the  in le t   boundary:  

-m 

Then,  on e i t h e r  boundary: 

P,,,(T) = c N-l -2ninm/N o e Pn 
n=O 

The i n t e g r a l s  o f  Equations (60) and (64) can  be  transformed  back t o   t h e   t i m e  

domain   by   the   fo l low ing   convo lu t ion .  On the  d ischarge  boundary:  

where * deno tes   convo lu t i on   i n   t ime .   Fo r  n - > 1 :  

m r 

14 
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and, far n=O: 

J:(T) = 0 

where 6 i s  t h c   D i r a c   d e l t a   f u n c t i o n .  

N o t e   t h a t   f o r  1: + 0 w i t h  n # 0: 

H;(.r) -f - 6 (T) 1 
2 

0 
P , , ( . L )  -+ - P a Q (T) 

1 2 0  
2 o o n  

On the   in le t   boundarcy :  

0 
P n ( d  = P a K (TI ;: PJT) 

2 0  0 
o o n  

where, f o r  .n 2 1 

(74) 

and, f o r  n=O: 



p o ( d  
= - 0 

p a2po(r) 2 0 0 0  

while  for t + 0 with n # 0: 

The integral in Equation (67) is evaluated by dividing  the  non-dimensional 

frequency  range into three  regions, viz: -w to -aoy -R to Roy and Ro to 03. 
In the  middie  region  standard DFT techniques are applied,  while in the  outer 
regions, R + m ,  the  integral  is accurately  approximated in terms  of  an ex- 
ponential  integral  of  the  form 

0 

for  which  closed  form  expressions  are  available. The integral in Equation 
(68) can be  expressed in terms  of a Bessel function: 

W 

J 
-W 

(76) 

(77) 

w k r e  cdenotes n(1-M ) and A ( T )  is the  Heaviside  step  function. The evalua- 

tion o f  the  integral in Equation (75) is carried  out in the  same  fashion  as 
that in Equation (67). 

2 3  
0 



The d e s i r e d   s o l u t i o n  for t h e   p r e s s u r e   p e r t u r b a t i o n   o n   t h e   i n t e r f a c e   w i t h  

nea r - f i e ld   i s   f i na l l y   accomp l i shed   by   obse rv ing   t ha t   Equa t ion  (65) can now 

be  expressed i n   t h e   f o r m :  

on   the   d ischarge  and  in le t   boundar ies   respec t ive ly .  Use of Equat ion (55) f o r  

P m ( t ) ,  R(t) and R,(t) and s i m i l a r  DFT expans ions   f o r  H J and Km then  leads 

to t he   convo lu t i on :  
m '  m 

on  the  d ischarge and in le t   boundar ies   respec t i ve l y .   Thus ,  a double  convolu- 

t i o n   o v e r   b o t h   t i m e  and d i s t a n c e   ( i n   t h e  y d i r e c t i o n )  i s  requ i red .  The func-  

tions? Q,,,(t) and R m ( t ) ,  t h e r e f o r e ,   r e p r e s e n t   t h e   p o i n t   s o u r c e s   o f   t i m e - v a r y i n g  

s t reng th   wh ich   a re   a l i gned   a long   t he   cons ide red   boundar ies ,   w i th   spa t i a l   reso -  

l u t i o n s   c o n s i s t e n t   w i t h   t h e  number o f   g r i d   p o i n t s   s p e c i f i e d .  

The func.t ions H m ( t ) ,  Jm(t) and Km( t )  a re   the   duc t   response  func t ions ,  

def ined  by:  

;'Bear i n  mind  that  s(t) deno tes   e i t he r  Qi (y , t) a t   t h e   i n l e t   s t a t i o n  or 
Qd ( y m , t )   a t   t h e   d i s c h a r g e   s t a t i o n ,   w h i l e  R:(t) denotes Rd (y,,t). 
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." 

F i n a l  

Equa t 

funct  

l y ,  i t  should be n o t e d   t h a t   o n l y   t h e   r e a l   p a r t   o f   p m ( t )   i s   o f   i n t e r e s t .  

ions ( 6 7 ) ,  (68) and (75) i n f e r   t h a t  H Z ( = )  and K;(T) a r e   p u r e l y  rea.1 

ions  and J (T) i s  a pure   imag inary   func t ion .  The boundary  data C$t) 

7d R,(t) a r e   o b v i o u s l y   a l l   r e a l  numbers.  Therefore, it i s  concluded  that  

0 

n 

J m ( t )  = - i J z ( t )   s i n   2 ~ n m  = C L:(t) s i n  - 2 ~ n m  
n N 

where 

I . e . ,   t h e   s o l u t i o n  can be c a r r i e d   o u t   e n t i r e l y   i n  terms o f   r e a l   f u n c t i o n s .  

NUMER I CAL EXAMPLE 

A group o f   s u b r o u t i n e s   i n c l u d i n g  an e f f i c i e n t   F a s t   F o u r i e r   T r a n s f o r m  

r o u t i n e  has been d e v e l o p e d ,   f o r   u s e   i n   c o n j u n c t i o n   w i t h   t h e   b l a d e - t o - b l a d e  

computer  program B2DATL, descr ibed  in   Reference  (2 )  , t o   c a r r y   o u t   t h e   i n d i c a -  

ted   convo lu t i ons   requ i red   t o   so l ve   Equa t ion  (83) numer ica l l y .   Resu l ts   have 

been t h u s   f a r   l i m i t e d   t o   t e s t   c a s e s   w i t h  a s imp le   harmon ic   inpu t   s igna l .   For  
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example, i n  one o f   t h e  

d i v i d e d   i n t o  8 i n t e r v a  

The se lec ted   re fe rence  

c a l c u l a t i o n s   t h e   d i s c h a r g e   s t a t  i o n  was assumed t o  be 

I S  cover ing  a t o t a l   c i r c u m f e r e n t i a l   d i s t a n c e   o f  0.1 m. 

(average) Mach number o f   t h e   d i s c h a r g e   f l o w  was 0.8. 

The f l 9 w  was assumed t o  be i r r o t a t i o n a l  so t h a t   o n l y  one i n p u t   f u n c t i o n   Q ( y , t )  

was requ i red ,  and the  second  funct ion  R(y, t )   could  be  cons idered  as a response 

f u n c t i o n   ( t h a t   i s ,  it was ca l cu la ted   f rom  Q(y , t ) ) .  The i n p u t   f u n c t i o n  

Q(y, t )  = cos (QT - 2.rrn/N), w i t h   Q ( y , t )  = 0 f o r  T < 0, was s e l e c t e d   f o r   t h i s  

case,  where T = 2rNaot/Y,  (n = 0, 1 ,  2,. ... . , N - 1 )  N = 8, Y = 0.1 m., 

a = 10 d s e c ,   a n d 4  = 1 .  The i n p u t   f u n c t i o n  Q and  response  funct ion R a t  

n = 0 a r e   p l o t t e d   i n   F i g u r e  ( 3 ) .  I t  should  be  noted  that   the  response  funct ion 

i s  i n i t i a l l y   o u t   o f  phase wi th  the   inpu t   func t ion   because  o f   the   assumpt ion   tha t  

Q = 0 f o r  T < 0. However, t h e   e f f e c t   o f   t h e   t r e n s i e n t   a t  T = 0 d i e s   q u i c k l y ,  

and a f t e r   a b o u t  1/3 mi l l i second   the   response   func t i on   c lose ly   app rox ima tes   t he  

i n p u t   f u n c t i o n  and ind i ca tes   t he   des i red   ha rmon ic   so lu t i on   i s   be ing   app roached  

a s y m p t o t i c a l l y .  The n o n - d i m e n s i o n a l   p e r t u r b a t i o n   p r e s s u r e   i s   p l o t t e d   i n   F i g u r e  

(4 ) .  The c o m p l e t e   h i s t o r y   i s  shown f o r   t h e   p o i n t  n = 0, whereas t h e   h i s t o r y  

o f   t h e   p o i n t s  n = 1 and 2 i s   o n l y  shown a t   e a r l y   t i m e s ,  where a d i f f e r e n c e   i n  

ampl i tu t lz  a s  w e l l  as  phase e x i s t s .  The v a l u e s   o f  p and p a r e   n o t   p l o t t e d   a t  

l a t e r  tim::s ( t h a t   i s ,   a f t e r   a b o u t  1 / 3  mi l l i second)   s ince   t he   p ressu re   so lu t i ons  

a t   t h e   v a r i o u s   g r i d   p o i n t s   o n l y   d i f f e r   n o t i i e a b l y   i n   t h e  phase  angle  corres- 

ponding to t h e   i n p u t   f u n c t i o n  and t h e   d i f f e r e n c e s   i n   a m p l i t u d e   a s y m p t o t i a l l y  

decay.  t iowever,   the  complete  numerical   resul ts  for  n = 0, 1 ,  2. . . . .7  a r e   i n -  

c luded  in  Appendix B as t h e   f i r s t   t e s t  case. 

3 
0 

1 2 

DESCRIPTION OF COMPUTER CODE 

Ove r v  i ew 

P r o g r m  RAFFT (Rea l   Acous t ic   Far -F ie ld   Theory) ,   l i s ted   in   Append ix  A ,  i s  

designed t o  compute t h e   r e a l   p a r t   o f   t h e   a c o u s t i c   f a r - f i e l d   o f  a p a i r   o f   i n t e r -  

a c t i n g  cascades i n  an i n f i n i t e   d u c t .   T h i s  program  has n o t  as y e t  been coupled 

t o  program B2DATL which  computes  the  near   f ie ld   o f   the  cascades.  I t  c u r r e n t l y  

c o n s i s t s   o f  two pa r t s .  The f i r s t   p a r t ,   w h i c h   i s  made up  of,  the  main  program 

RAFFT, the subrou t ine  GETQR (wh ich   ca l cu la tes   t he   i npu t   f unc t i ons  Q and -R) and 

t h e   f u n c t i o n   r o u t i n e  TRBBT, i s  a t   p r e s e n t   u s e d   s o l e l y   f o r   t h e   t e s t   p u r p o s e s ;  

it must hc replaced  by a c a l l i n g   r o u t i n e   i n  B2DATL wh ich   ca l cu la tes   t he   i npu t  
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T I M E  (MILLISECONDS) 

FIGURE 3. INPUT  AND  RESPONSE  FUNCTlONS FOR TEST CASES. 
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func t ions  Q and R f rom  the   boundary   da ta   in   accord   w i th   Equat ions  (38) ,   (39)  
and (50).  The  remainder o f   t h e   p r o g r a m   c o n s i s t s   o f   s e v e n   s u b r o u t i n e s  and func-  

t i o n   r o u t i n e s :  A J l D X ,  CflNVflL,  FFT,  FFT2, GREENS, PBLY and TCBNV. Only  sub- 

r o u t i n e  CbNVflL i s   c a l l e d   f r o m   t h e   m a i n  program.; a l l   o t h e r   s u b r o u t i n e s  and  func- 

t i o n   v o u t i n e s   a r e   c a l l e d   f r o m  CflNVgL. Subrout ine  CflNVBL i s   c a l l e d  by t h e   s t a t e -  

men t : 

CALL  CflNVflL (P,  Q, R, NY, IT,  DTIME, MAXCBN, CMARK, RH00, C ,  Y ,  FIRST, 

NDIMY,  NDIMT, PU) 

w h i c h   r e q u i r e s   a l l   v a r i a b l e s  as input   parameters  except  P and PU wh ich   a re   the  

o n l y   r e s u l t s .  P ( I Y ,  IT)  i s  t h e   d i s c h a r g e   s t a t i o n   p e r t u r b a t i o n   p r e s s u r e ,  as a 

f u n c t i o n   o f   d i s c r e t e   s p a t i a l   l o c a t i o n  space, I Y  and  t ime, I T ,  and P U ( I Y , I T )  i s  

t h e   c o r r e s p o n d i n g   i n l e t   p r e s s u r e .  

Input   Data 

The input  parameters  Q(IY,IT),   R(IY,IT),  NY, IT ,  DTIME, MAXCBN, CMARK, 

RHBO, CY, Y ,  FIRST, NDIMY and NDIMT, r e q u i r e d  for  t h e   e v a l u a t i o n   o f  P ( I Y , I T )  

through  the  s ta tement  CALL CflNV0L (.. . ) ,  a r e  ?:fined  as f o l l o w s :  

NAME D I M E N S I O N  DEFINITION 

Q (8,1001) N e a r - f i e l d   d i s c h a r g e   o r   i n l e t  bound- 

a r y  cond i t i on, ( p’zpoaoV,) /Poao. 

See Equat ions (38) and (SO). 

2 

R (8,1001) C i r c u m f e r e n t i a l   p e r t u r b a t i o n   v e l o c i t y ,  

Vi/ao. See Equat ion (39) .  

NY 

I T  

DT I ME 

MAXCflN 

CMARK 

RH00 

C 

22 

Number o f  g r i d   p o i n t s  i n  y - d i r e c t i o n .  

Cyrrent   index.  

Time  step;  seconds. 

Maximum number o f , p o i n t s  used f o r  con- 

v o i u t i o n   i n   t i m e  ( <  - 1001, w i t h   p r e s e n t  

d imens ion   o f  Q and R ) .  

Reference Mach number, Mo. 

Reference  densi ty,  p,; kg/m 3 . 
Reference  speed o f  sound, a,; m/sec. 



NAME - 
Y 

$MEGA0 

D I MENS I ON 

F I RST 

ND I MY 

ND I MT 

DEFINITION 

Fundamental  wavelength o f   t he   cascade  

(2sr/AN) ; m. See Equat ion (54). 
Input  frequency  (non-dimensional),  a. 
See Equat ion (57). 
A log ica l   parameter   which  must   be  set  

to "FIRST = .TRUE." be fo re   sub rou t ine  

C$NVBL i s   c a l l e d   f o r   t h e   f i r s t   t i m e .  

T h i s   a v o i d s   r e p e t i t i o n   o f   c a l c u l a t i o n s  

t h a t  need to  be  done only   once.  Sub- 

r o u t i n e  C$NV$L a u t o m a t i c a l l y   s e t s  

"FIRST=.FALSE." a f t e r   t h e   i n i t i a l   c a l l .  

Dimension o f   t h e   a r r a y s  Q and R i n   t h e  

Y ( c i r c u m f e r e n t i a l )   d i r e c t i o n ,   p r e s e n t l y  

8. (NY - < N D I M Y  is   necessary. )  

Dimension o f   t h e   a r r a y s  Q and R i n  

t ime ,   p resen t l y  1001. 

Subroutine  and  Function  Sub-programs 

The fo l low ing   scven  subrout ines  and f u n c t i o n   r o u t i n e s  encompass the  main 

p o r t i o n   o f   t h e  prog:-;im necessary t o   d e t e r m i n e   t h e   a c o u s t i c   f a r - f i e l d   s o l u t i o n :  

NAME D E S C R  I PT I ON 

CfiiNV0L \.!hen c a l l e d   t h e   f i r s t   t i m e ,  CBNVflL c a l c u l a t e s  a number o f  

parameters  used  through  the  rest   o f   the  program,  ca l ls   sub-  

r o u t i n e  GREENS t o   c a l c u l a t e   t h e   G r e e n ' s   f u n c t i o n s  Hm and 

AJ 1 DX 

Jm * 

convo 

P (   I Y  

where 

T 

1 

h e r e a f t e r ,  i t  c a l l s   s u b r o u t i n e  TCPNV t o   p e r f o r m   t h e  

u t i o n s ,  and f i n a l l y  i t  evaluates  Equat ions (83 ) :  

NY 
IT )=  R H O o ' C * C ( X  [ Q ( I Y , I T ) ~ : H ( K Y , I T ) + R ( I Y , I T ) ; ~ J ( K Y , I T ) I )  

NY KY=l 

f denotes   convo lu t ion   in   t ime.  

Eva lua tes   the   Besse l   func t ion   J1  ( X ) / X  u s i n g  a 7 t h   o r d e r  

po lynomia l   approx imat ion.  

23 



NAME 

F FT 
- 

FFTP 

GREENS 

PdLY 

TCQNV 

DESCRIPTION 

Converts a complex  array into two real arrays, and  then 
call s FFT2. 

A fast  Fourier  transform  subroutine  written in assembly 
1 anquage;:. 

Calculates  the  Green's  functions Hm, J and K in accord 
with Equation (84) for m = 0, 1 ,  2....NY-1. In this 
routine  the  expression f (W)=W=& occurs  where w = 

m m 

(Equation (57)) The sign of the square root  is chosen in 
such a way  that  f(W)  is symmetric in the  imaginary  part 
and antisymmetric in the real part,  with f(o)=+i. To cal- 
culate H (t) we  evaluate  the integral in a finite interval 
from -WCUT to +WCUT using  the  fast Fourier transform,  where 
the cut-off  frequency is calculated as WCUT=Y/C/DTIME. The 
contribution  from the  tails outside the  interval  (-WCUT,+WCUT) 
is just 1/2  the delta function, plus  terms of second order 

(i.e., containing  the  factor l/WCUT::"2). 

1 

Evaluates a polynomial, using as few multiplications  as 
possible. 

Forms the convolution of two  arrays A and B,  calculating 
only one new  value 

jmax 

j=l 
s i  = c A(j);+-  B(i-j) (for one index  i=IT) 

where j =min(i,  MAXCBN),  and tlAXCBN is the  maximum  number 
of  points used for  convolution. 

max 

.~ .. . - 
*Only suitable for  use on CDC 6600 computer systems. .However,  similar  FFT 
routines  are  generally  available  for  other  systems. 
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Flow  Chart o f  the Program 

The interconnection between the subprograms are  represented  in  the 

schematic  below: 

Par t  1 (Generates  input  functions and pr ints   output .  Should be replaced 

by a c a l l i n g   r o u t i n e  from BZDATL.) 

I 

GETQR < RAFFT 
Main  Program 

T A 

V 

TR00T 

Part  2  \determines  acoustic  far-f ield  solution) 

V w 

GREENS < CdNV0L 

FFT2 

25 
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The 

i s  non-d 

was used 

i n p u t   f u n c t  

Test  Cases 

i o n  Q ~ ( T )  = cos (s? T - 21i {) * A ( T ) ,  where T = 2-mNaot/Y 

imensional  t ime,  and N=NY i s   t h e  number of p o i n t s   i n   t h e   y - d i r e c t i o n ,  

f o r  a t e s t  example. I n   t h i s   c a s e  R,(T) i s   t h e   r e s p o n s e   f u n c t i o n ,  

ra the r   t han   i npu t   f unc t i on .  

To check R n ( ~ ) y  it was compared w i t h   i t s   a s y m p t o t i c   v a l u e .  Two cases 

must be d i s t i n g u i s h e d .  

Rn, ;mag(') = n(l-~) [R - Tn(R) ]  s i n  R T 6 
n-m 

w i t h  Tn(n) = - n (1-M2) 
2 2  

2. I f  R < n m ,  s u b s t i t u t i o n   o f  Tn = - i l T n I  y i e l d s :  

Two t e s t  examples  were  run,  both  with m=1, and w i t h  R = 1.0 i n   t h e   f i r s t  

case  and R = 0.5 i n   t h e  second  case. The f i r s t   t e s t  case  corresponds  to   the 

numerical  example  discussed i n   S e c t i o n  I V .  Due t o   t h e   f a c t o r  6 R = O  
excep t   f o r   n= l .  

n-my n 

As shown i n  Appendix B y  R approaches i t s   asympto t i c   va lue   reasonab ly  
1 

we l l   i n   bo th   cases .  
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" 

The p r i n t - o u t   i n  Appendix B includes: 

a l i s t   o f   t h e   v a l u e s   o f   a l l   p a r a m e t e r s  used 

a comparison o f  R ( T )  w i t h  i t s  asympt'otic  value 

the  input   funct ions  Q( IY , IT)  and R ( I Y , I T )  

the  Green's  functions H,(T). and J r ( ~ )  and 

the  resul t ing  pressure  P (  IY ,  I T ) .  
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APPENDIX A 

PROGRAM L I ST I NG 

P R l h l l  310,TUSED 
T J S E D = l l - l O  

* P R I N T  SLLECTED  VALLlrS OF T H t  WESULTIhG  PRESSURE  P 
lF(~OD(Il-l.~~STtPI.~t.O) GO T O  20 

310 F D R M A T ( / / *  l I I 4 t  USED Z r F 7 . 3 t  SECU!dDS*/ / )  
PRlh lT  310,TIJSCC 

P4IF IT  I S 0  

28 



OD 10 I Y = l , k Y  
O ~ I Y r l l ~ ~ C U S ~ W O T - l w O P I + ( I Y - I ~ / N Y ~  

1 0  C ’3Nl INUE 

RETUH:I 
END 



1 

1 

PRINT  310,TUSED 
3 1 0   F 3 H : h A T ( / / *  T I W F  USED  =*F7.3*  SECONDS*//) 

F I Y S I = . F A L S t .  
t 
t PREPAWL A l A t l L E  (IF T I U t  COYVULUT13NS 
t (SAVES  C3YPUTER 1 1 M E  RY USING SYMWETMIES) 

20 

30 
t 

40 
so 

t 



1 0 0 0  F 3 ~ ~ A T ( l X , F 1 0 . 3 r F P . 3 , 8 ~ 7 , 3 )  
1180   FOHMAT(* l   T IYE  GREFRS  FUNCTION H H r )  

P 9 1 N T   1 1 8 0  



130 

I40 

150 
160 

200  
170 



SUBRDUlIkE.   FFT(XHEAL. I&SIG) 
REAL  XREAL(1)  

NmNSIG 
I F ( N S l G . L T . 0 )  GO T O  10 

NSPACEz2 
Gi) TO LO 

4SPACEn-2 

RETURN 
EYD 

10 k = - N S l C  

20 CLCL fFTZ(XREhC,YHEAL(2)rN~NSPACE) 



LlOO 

LllO 

L120 

L130 

f F T 2 3  
F F T 2  

L I O  

LZO 

I D E N T  F F T Z  
ENTRY 

SUU 
s x o  

SBJ 
AX0 
su5 
St36 
S X l  
EO 

SB5 
sou 

S A 2  
SA3 
SA4 
NX 7 
SAS 
N X 6  
SA7 
SA6 
NX7 
NX6 
SA 7 
SA6 
L T  
SBU 

S A 2  
5 8 5  

SA4 
SA3 

NX7 
S A 5  
NX6 
SA7 

NX7 
SA6 

sxo 
N X 6 
SA7 
SA6 
A X 0  

PL 
1 x 1  

LXO 
SH4 

SB5 
1 x 1  

G E  
L l  
S A 1  

F F T 2  
R S  
80 
6 3 - 6 7  
1 
EO 
x 0  

6 6 , H 7 1 F F T 2 3  
R5 

83-0U 

E l   t B U  
E l r B S  
8 2 i U U  

XZ 

tJ3-85  

R ~ + H S  
x 3  
A3 
A2 
x 4  
x5  

A U  
A5 

t(6,BU,L110 
R U i B 7  
R b t H S  
B l + H U  
R l  t H 5  
B 2 t R U  
x 2  
6 2 t 8 5  

A 3  
x 3  

A2 
xu 
R 6  
x5  
A5 
AU 
1 
X l - x 0  
XlrL130 

U U t R 7  
I 

X l t X O  

R S . 0 U . L I 1 0  
X1 

RU,R6,CIZO 
A0 

SA0 C 1  
S A 1  A0 
S E 1  X1 
S A 1  A O t l  
S B 2  X1 

SB3 X I  
S A 1  AO+2 

SR4 X I  
S h 1  A013 

SbU 
MX2 
SA5 
S A 3  
L X Z  
?X7 
E X 6  

PL 
6 x 4  

L X 3  
SA6 
NXO 
P X 2  
5 8 7  
DX7 
SA 1 

,536 
EO 
sf43 
RX4 
RA7 
RXS 
RXh 
RX4 
R X 6  

exu 

sa3 

0 4  
1 

L60  
B 3  
5 7  

- X 2 + X 5  
x 3  

X 9 , L l O  
X21x5 
- x 4  
3 2  

8 5 ,   x 3  
A5 

X4 
x u  
X 2 r X 7  
fists 
x 7  
x 7  
LUO 
C C  
x z * x 1  
x 2 * x o  
X3*  X0 
X 3 t X l  
x u - x 5  
X 6 r X 7  

N X 5  
R X 7  
RXO 
NX  1 

L30 S05 
S A 2  

L 4 0  

LSO 

L60 

Y 

ONE 
CD 
SD 

END 

S A 1  

H X 6  
SA4 

SAS 
R X 2  

R X 7  
S A 6  

R X 3  
RX4 

R X 5  
SA7 

R X 6  
R X 2  

R X 4  
S A b  
RX7 
984 

L T  
SA7 

S05 
BX 1 

L l  
S B 4  

LT 
S A 2  

SBU 
sxs 
AX5 
SBb 
S B 5  
SAZ 
S A 3  
SA4 
R X b  
S A 5  
RX7 
SA6 
SA7 
R X 6  
st34 
RX7 
S P 6  
SA7 
LT 
LO 
S A 1  
S R U  
R X b  
S A 1  

S A 3  
S A 6  

RXb 
EX0 

N X l  
E X 7  

EQ 
SA7 

D A I A  
DATA 
DATA 
DATA 
DATA 
DATA 

DATA 
DATA 

DATA 
DATA 

D A l A  
DATA 
DATA 
D A I A  
DATA 

sn4 

F X 6  
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A P P E N D I X  B 

P R I N T O U T  OF TEST  CASES 

PARAMCTERS USED 
O T I M E  ,250E-OS 
NV 8 
t4T 

8 
a 2 0 1  

MAXCON 8 
C M A M  a . 8 O O E t 0 0  

1 0 1  

RHO0 a . l O O E t O l  
C 8 . IOOEtOU 
V = . l O O E t 0 0  
OMEGA0 . l O O E * 0 1  

1EST R l S T A R  APPROACHES I T 9  ASVWJIOTIC  VALUE 

71ME STEP 1 
71ME STEP b 
T I M €  STEP 11 
T I M E  STEP I b  
T I M E  STEP 21 
T I M t  S T € P  i!b 
T I M E  STEP 3 1  
T I M E  STEP 36 
TIML S l E P  U l  
T I M E  STEP 46 
T I M E  STEP 5 1  
T I M E  S T t P  S b  
T I M E  STEP b l  
T I M E  STEP bb 
T I M E  S1EP 7 1  
1 I M E  ST€P 7 b  
T I M E  STEP 8 1  
T I M E  S l t P  8 b  
T I M €  S I F P  9 1  
l l M E  Y T t P  91 
TIMt S T t P  1 0 1  

T I M E  STEP 1 1 1  
l l M E  S I t P  1 0 6  

T I M E  STEP 1 l b  
T I M E  S I E P  1 1 1  
11ME STEP 1 2 6  
71ME S l t P  1 5 1  
l l M E  S l E P  1 3 b  
1 l M E  STEP l U l  
T l M t  S l E P  1 U b  
71ME STEP 1 5 1  
T I M E  S l t P  1 S b  
TIHt S T t P  1 6 1  
1 1 M E  STCP l b n  
T I M E  S l E P  1 7 1  

T I M E  STCP 1 8 1  
1 l M E  S I E P  1 7 6  

TIME S l L P  18b 
11ME S I E P  1 9 1  
1IMC STEP 1 9 6  
TIME S T t P  2 0 1  

4 S Y r P T O T E  = 1,000 0 . 0 0 0  
A S Y u P l O l E  = , 7 0 7  .707 
ASYCPIOTE = . O O O  1 . 0 0 0  
4SY*PlOTE = - . l o 7  ,707 
ASYVPTGIE = -1 .000 , 0 0 0  
ASYV,PTOTE = - .707 -.707 
ASY'IPTOTt = - . O O O  -1,000 
ASYHPTOTt = , 7 0 7  -.707 
ASY\!+TGTE 5 1 , 0 0 0  - . O O O  
b S Y \ ~ P I O T t  = , 7 0 7  , 7 0 7  

A S I H P T O I k  = - .707 ,707 
A S Y H P T f l I t  = -1 .000 . O O O  
L S Y ~ P l f I l t  = -.707 -.707 
4 S Y ~ P T i ) l E  = - .ooo  - 1 . 0 0 0  
ASYVPTOTE = ,107 -.707 
ASYYPTOIE i 1 . 0 0 0  - . O O O  
ASYVPTJTF. = , 7 0 7  .707 
CSVUPTtiT€ i , 0 0 0  1.000 
A S Y V P T f l l t  = - . 7 0 1  .707 
ASV\!PlOTt x - 1 , 0 0 0  , 000  

ASYVPTOTE S -.OOO -1 ,000 
bSVHPTOlE - .707 -.707 

ASYVPTLlIE 5 , 7 0 1  - .707 
A S V W I G T E  a 1 , 0 0 0  - . O O O  
ASVUPTIJIC X , 7 0 7  .707 
A S t Y P l O T t  = , 0 0 0  1 . 0 0 0  
A S l V P l J l t .  E - .707 , 7 0 7  
ASVMPTIIIE C - 1 . 0 0 0  , 0 0 0  
ASYHPl I lTL  = -,707 - .707 

ASYV.PTDTE = , 7 0 7  -.707 
ASYHVIbTE L. 1 , 0 0 0  - . O O i J  
PSYVPIOTE : . 7 0 7  , 1 0 7  
A S Y ' 4 P I O l E  , 0 0 0  1,000 
A 5 Y " P l O I E  C. -.707 , 7 0 1  

A S Y ' 4 P I L l l t  a - . I O 7  -.7G7 
P S V ~ P I l J T t  Z - , O O O  - 1 , 0 0 0  
A S V V P I O I E  C. , 7 0 7  -.707 

bSVVPlOlE = , 0 0 0  1 , 0 0 0  

A S Y u P l O l E  = ..ooo . l .UOO 

b S Y f ~ Y I O I C  = -1 .000 , 0 0 0  

4SYYPTOlC s 1.000 -.ooo 

35 



1 I M E  
0. 

,125E-04 
,250t-04 
. 3 7 5 E - 0 4  
.500t.-ou 
.b25E-Olr 
.750€-0U 
,875E-04 
a 1 0 0 E - 0 5  
, 1 1 3 t - 0 3  
,125E-03 
, 1 3 6 E - 0 3  
, 1 5 0 E - 0 5  
,163E-05 
,175E-05 
,188E-05 
.ZOOE-03 
, 2 1 3 E - 0 3  

,238E-03 
, 2 2 5 E - 0 3  

,250E-05 
. Z b J t - O f  
,275E-03 

-,300E-O3 
,288E-03 

,315E-03 
.32SE-O5 
,350E-33 
. 3 S U t - O 5  
, 3 6 3 E - 0 3  
,375E-05 
,388E-03 
, 4 0 0 E - 0 3  
,415E-03 
, 4 2 5 € - 0 5  
,438t-03 
,450E-05 
,463E-05 
, 475E-05  
, 4 8 8 E - 0 3  
. 5 0 0 t - 0 3  

lIrE 

.12Sk-OU 

.250E-O4 

.37SE-OU 
,500E-04 
, 6 2 5 E - 0 U  
,750E-OU 
,815E.04 
, 1 0 0 E - 0 3  
,113E-03 
.125E-O3 

, 1 5 0 E - 0 3  
,l b 3 t - 0 5  
, 1 7 5 E - 0 3  
, 1 8 6 t - 0 5  
.2OOE-O3 
, 2 1 5 E - 0 3  
,225E-03 
,238E-03 
,250E-03 
. 2 b 3 k - 0 3  
.Z75E-O3 
, 2 8 8 t - 0 3  
.3OJE-03 
,313E-03 
,525E-03 

.3b3E-O3 
a 3 5 0 E - 0 3  

,375C-03 
,388E-03 
.400E-O5 
,U13E-03 
, 4 2 5 t - 0 3  
,438E-03 
,450t-03 
, 4 6 3 t - 0 3  
,475E-03 
, 4 8 8 E - 0 3  
, 5 0 0 E - 0 5  

0. 

,I~BE-OJ 

.331)E;O3 

I ~ P U T  1 7 ( 1 I M E )  
1 .000 , 7 0 1  -.OOO m.707  -1.000 - . T O 1  -,OOO ,101  

,107  1.000  ,707 ,000 " 7 0 7  - 1 . 0 0 0  -.707 - . O O O  

-.TO7 . G O O  , 707   1 ,000   , 707  - . O O O  w.707 - 1 , 0 0 0  
, 0 9 0  ,707  1 .000 , 7 0 7  - . O O O  -.707  -1,000  -.707 

-1.000 -.707 ,000 , 7 0 7  1 ,000  ,707 .OD0 1.707 

-.DO0 - .707  -1,000 - .707 , 0 0 0  ,707  1,000 ,707 
,707 -,OOO -.707  -1,000  -.707 ,000 ,707  1.000 

, 7 0 7  1.000 ,707 - . O O O  - ,707 -1.000 -.707 ,000  
,000 ,707 1 .000 , 7 0 7  - . O O O  -.707 -1,000 -.707 

w.707 ,000 , 7 0 7  1,000 ,707  1 . 0 0 0  -.707 -1.000 
-1.000 -.707 ,000  , 7 0 7  1,000 .707 - , 0 0 0  -.707 
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